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o 1. INTRODUCTION

L

§t~ In a number of situations, it is of interest to find out whether the

gﬁ% addition of a new set of variables gives additional information for inference.
Rl

For example, in the area of principal component analysis, it is of interest

to find out whether the new variables contribute to explanation of the
variation among experimental units. In the area of multi-group discriminant
ananlysis, it is important to find out whether the addition of new variables

f contributes to the discrimination between the groups. Similarly, in the

)

‘ area of canonical correlation analysis, it is of interest to find out as to
whether the addition of variables to one or both sets of variables contributes
y to the degree of association between the two sets of variables.

Rao (1966) considered the effect of additional variables on the efficiency

of estimates and the power of the test under multivariate regression model.

gﬁ;é Recently, Wijsman (1984) derived asymptotic distribution of the increase in
é}“ﬁ the largest sample canonical correlation whem some variables are added. In
f?;é Section 3 of this paper, we firsé derive asymptotic distributions of changes
‘2§E in functions of the eigenvalues of the sample covariance matrix. Asymptotic
;?EE distributions of changes in functions of the eigenvalues of the multivariate
:i?i analysis of variance (MANOVA) matrix when some variables are added are derived
;iéﬁ in Section 4. In Section 5, we derive asymptotic distributions of changes in

certain functions of the sample canonical correlations when new variables are

- added to one or both sets of original variables. The above results are derived

X
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under the assumption that the underlying distribution is multivariate normal.

i
=
N

Further results are given in Section 6.




Lemma 2.3. let S

2. PRELIMINARIES

In this section, we state the three lemmas which are needed in the sequel.

Lemma 2.1. [Cramer (1946, p.366)]. Let X be a p-component random vector

and u: p x1 be a fixed vector. Assume vn (x - u) converges to
N(0,Z) 1in law. Let f£f(x) be continuously differentiable in a uneighborhood

of u and let £ = af(x)/axlxau. Then the limiting distribution is the same

~ o

as the one of vn E'(xn - u), which is N(0,£'ZE).

Lemma 2.2, Let nS be distributed as a Wishart distribution WP(Z,n) and B

be distributed as a noncentral Wishart distribution Wé(z,q:ﬂ). Assume

Q = O(n) = n©. Then the limiting distributions of V= vVn (S - I) and
U=+vVn (% B - 6) are multivariate normal. Further the limiting distributions
of ¢trCV and ¢trCU are N(O,cf) and N(O,og) respectively, where C 1is a
symmetric matrix of order p x p, ai = 2 tt(CZ)2 and c§ = 4 ty 02 Q.

This lemma is well known and is proved by considering the ch. functions

of V and U.

and S be sequences of symmetric matrices of order

1,n
P x p such that the limiting distributions of V

2,n

l1n " /yn (Sl,n - A) and

vz,n = Vn (Sz’n - Ip) are multivariate normal, where A = diag(xl,...,xp),

Al Zreees> Ap and Ip is the identity matrix of order p x p. Let

-1
£1.3’°--é1 Lp and d, 2,...,> dp bg the eigenvalues of Sy,n @nd 51,n52,n°

respectively. Suppose that the a~th largest eigenvalue Aa of A 4is simple.
Then the limiting distributions of vmn (£ -1 ) and u (d -\)) are the same

as the ones of (V. ) and (V, ) - (Vz n)

1,n"aa 1.0’ aa respectively, where (A)
d ’

aa aB
denotes the (a,8)-th element of a matrix A.

This lemma has been essentially proved in the papers of Hsu (194la,b) and

Anderson (1963) who treated the general case of multiple roots.
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3. PRINCIPAL COMPONENT ANALYSIS

In the area of principal component analysis, it is of interest to
find out a small number of principal components which would adequately
explain the variation among experimental units. In the population, the
variance of i-th important principal component is the i-th largest
eigenvalue of the populatiom covariance matrix. If these eigenvalues
are small, then the corresponding principal components are unimportant.
In a number of situations, it is of interest to find out as to whether
the addition of some variables will increase the variances of the first
few important principal components. Similarly, it is of interest to find
out whether there is significant increase in the ratio of the i-th
largest eigenvalue to the trace of the covariance matrix if some variables
are added. So, we will derive asymptotic distributions of increases in
certain functions of the eigenvalues of the sample covariance matrix
when a new set of variables is added. .

Let f: px 1l be distributed as N(?,t). We partition x = (fi’fi)’

flz Py 1 and

I = , ):u: Py *Pype (3.1

Suppose the vector xy is augmented to x. Let Aa and Ac be the a-th
largest roots of 211 and I, respectively. Then
AG?‘AQ (=1, ..., pl)

which follows frem the Poincaré@ separation theorem (see, e.g., Rao (1973, p.64 )).
We are interested in the increases &, = A, - A\,. Let S be the sample

covariance matrix based on a sample of size N = N + 1. We partition S as in (3.1
S = (3.2)

The sample quantities corresponding to Sa are

da-la-la’ (0-1, ce ey pl)

......
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e > x

where 2“ and za are the a-th largest roots of S11 and S, respectively.

We consider the distribution of

= /n cees -
J=vn {£Q4,, dpl) £(5, ,apl)}

We assume

B

neighborhood of d = §

where é = (dl,...,dp )}' and f - (61,...,6p )'. Llet

1 1

9
e = (Cypeeesc )' == £(d)
t L U P

Let H * Py be an orthogonal matrix such that

11° P1

! = =
Hy,Ep 8y, = Ay, = disg (xl,...,xpl).

Since la and za are invariant under the transformation

B, 0
X ——— X.
X o 1| *
we may assume
I =A
hiy Ay
Ry A2

where A = ’ ,

12 % fpfype Ay = IpBy and Ay, = I,,. Let

S = A + —]-" v

/a
and
S=7pr'ST
-1+ -L-r” vr
/n
'N%ILAE'E;QD

£(d) is continuously differentiable in a

(3.3)

(3.4)

(3.5)

(3.6)




A

R . 5
"‘\-- where T' is an orthogonal matrix such that T''AT = A= diag (il’”";p).
ey -

N - =

" Since 2. and Ea are the a-th largest roots of S11 A, #+ (1//n) V,, and
. S = A+ (1//n) T'VI, we obtain by Lemma 2.3 that the asymptotic i
‘\

0

-,‘ distribution of vn (dQ - Gu) is the same as that of

3 (r'vr v) 3.8
‘ & )aa - ( ac (3.8)
‘_ if J\a and Aa. are simple. Using Lemma 2.1 we obtain that the asymptotic
‘::2 distribution of J is the same as that of

2

P,

e ) c8y, =T AV (3.9)
e a=l

-1_‘

e where

‘ A= rDcr- - nc, D, = diag(cl,...,cpl,O,...,O). (3.10)
:‘::: This implies the following.

1

NG Theorem 3.1. Let nS be distributed as a Wishart distribution
- W(@E,m). Lletd =2 -¢ and § =A -2 ,vwheret , &£ , A and A
) a o a a o a a’ "o’ Ta a
i? are the a-th largest roots of Su, S, 211 and . Assume a function
M f(dl"“’dp ) satisfies the assumption Al and all the roots A, and
et - 1

¢ Aa (a = l,...,pl) are simple. Then

}\
ol

& FE £y, ennd ) = £G5 1,006 )} 2o N(0,0%)
'S Py Py
N
as n <+ », where

' 02 =2 tr (AA)2

P : P

- 1 1 -

~ 2,.2 32 2 2
=2 J S+ -4 J] ey

) . aml & O a a,B=1 a B a Ba

Tt

s

, =

‘:;\ and T (an).

J-. Cor., 3.1.1. When )‘a and J\a are simple,

$n . . D 2
54 Mg, - 2) - () = A )} — N(0,07)

»
2 . <3 2
;::: as n + =, where 02 = 2(7\2 + Az) -4 A:ym.
i




4. EFFECT OF ADDITIONAL VARIABLES IN DISCRIMINANT ANALYSIS

i in the area of discriminant analysis, it is of interest to find
N out as to whether the addition of a new set of variables will make a
significant contribution on the discriminant functions. This problem
can be investigated by examining the increases due'to the additional

variables in certain functions of the eigenvalues of the MANOVA

YT
e

matrix. So, we will study the asymptotic distributions of the above

1
)
increases in the sample.
Let W and B be independently distributed as a Wishart distribution

% Wp(z,n) and a noncentral Wishart distributiomn Wp(z,q:E)
- We partition

4 r 1
= PR Bii B2
:: W= ’ B = ’
Y W21 V22 Ba1 B2
o

[ (= = )

I Iy 11 ‘12

= s S = ’ (4.1)

: F21 T2z 21 22
’:' with Wu: plx Py» Bu: plx Pp» Y.n: pLx Py and S11f plx Py Let 9.“,
X - - -1 -1 _ -1
k lq, ® and 0 be the a-th largest roots of Bllwll’ BW ., :11211 and
A 3371, respectively. Then’
. d =2 -2 >0,
. a a a —
- nsa = (ﬂa - wa z_ 0, (a = l’ooo’pl) (4.2)

which follows from the Poincarée separation theorem in the case of two '

matrices (also see Gabriel (1968)).
Let

T= HL

- (4.3)
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where LZL' = I and Hll is an orthogonal matrix such that

HllLllEllLl'.lal'.l - Qll = diag(ml,...,mpl). Since za and R'a are invariant
under the transformation B — TBT' and W —> TWT', we may assume

ZeQ = (4.4)

1 = O
12822) s 891 = 84,

| B = ) *
)L21 + (L21 Bp + Ly _22) L),. We assume

-
=
—

= ( = = t
with Qll diag CITRER ,wpl) . 912 HllLll(“11L21

and 25, = (Ly; 5 + L5,

A2: Q = 0(n)
8
11 e12

=n @ =n (4.5)

5] €]
21 22

where ) '911 = diag(el,...,ep ). LetT be an orthogonal matrix such

1
that _
I'or= o = d:l.ag(el,...,ep) (4.6)
with 61 >...>6 . Then na -; « Let
- =p a a
lpga o5+1 u,
n /n
lya 1 +1 W 4.7)
n /n

Then it is easily seen that za and za are the a-th largest roots of

, 1 1
leu +Fnu11 - (1 -/—Evu)l =0

and

| 8 +Lrwur-ea+rvm] =0
/n

/n n
respectively, where Uu: Py %Py and Vu: P, X p, are the submatrices of

U and V partitioned as in (4.1).




; From Lemma 2.3, it is seen that the asymptotic distribution of ey (du - Ga)
? is the same as that of
()
\ : -
- L - ' - .
! g, = (I'UN) , - 8, ( L2 M + 86, (4.8)

1f Wy and ;a are simple. Using Lemma 1, we obtain that the asymptomatic

. distribution of vm {f(dl,...,dp ) - f(sl,...,cp )} 1is the same as that of
1 1
P

2 cg = ttA(I)V + trA(z)
a=1 *°

P f

1] (4.9)

a _ . @ oo .
Where A Dce - Dcer' 9 A I'Dcr Dc’ Dc diag (Cl g0 ,cpl ’0, Ly ,0) »

. Dce = diag(clel,....cp s03ee¢50), etc. This implies the following.
1

- Theorem 4.1. Let W and B be independently distributed as a

- Wishart distribution Wp(z,n) and a poncentral Wishart distribution

wp(z,q::), respectively. Let da =%, - % and nsa -, -w, where

b - ~ -1 _ -1 = -1
g za, za, W, and w,  are the a-th largest roots of Bllwll' BW °, ’11z11
:' and Ez-l;respectively. Assume that the assumptions Al and A2 are

satisfied, and w, and w (a = 1,...,p1) are simple. Then

2 /o {f(dl,...,dpl) - £(8),00n08 ) 2L N0,0%
1

as n >+ », where

2 _ . 12 N
c 2 tr{Dce ID 4T 1+ 4 cr{rncr Dc} <)
P
=27 20 (8 +2)+6 (8 +2)
s as] & & @ e a
f P -
) -4 YY) e85, (8 +2)
) a,f =1 aBBad a
.
!
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Cor. 4.1.1. When 0, and w,  are simple

/LGy -2 - @ -0 =2 n0,0%)

o 2- a g 5 2
as n + o, where ¢ = 2 ea(ea +2) +2 ea(ea +2) -4 ea(ea + Z)Yaa .
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5. EFFECT OF ADDITIONAL VARIABLES ON CANONICAL VARTABLES

In this section, we study asymptotic distributions of certain
statistics useful in studying the effect of additional variables on
the canonical correlationms.

Consider two sets of variables X1 Py 1 and Vit @y 1. We assume

-~

Py £ 9y Lletp, > ... 3_pp > 0 be the canonical correlations between
1
and Yy- We shall augment the variates x

X and vy to x: px 1 and

1 1
y: qx 1 by adding extra variates Xyt Py X 1 and Yot Q% 1, respectively.

We assume that (x',y') is distributed as Np+q[u,Z]. We partition I as

b z
XX Xy
z = s Z__: PXDPp. (5.1)

z z xx
yx “yy

Let o, be the a-th largest canonical correlation between x and y.

~

Then
Ga =P, " P, >0 (&= 1,...,p1). (5.2)
which has.been shown in Fujikoshi. (1982).
Let
S S
XX Xy
S =
S S
yx yy

be the sample covariance matrix besed on a sample of size N = n + 1.

Let r, and T, be the a-th largest canonical correlations between Xy

~

and A and between x and y. We consider the asymptotic distribution of

ceeyd -
/E{f(dl, pl) £(8, apl)}

-~

where da =T, - T, Let L1 and L2 be the lower triangular matrices such that

L ZxxL' =TI, LI L =1. (5.3)

1

1 p’ 27yy 2 q




%] 11
;k“- We partition
ﬁ 1.11 2:11

121 .22 221 222

(5.4)

A% Let H1-11: P Py and H2-11= Py * P, be the orthogonal matrices
‘:'.j: chosen so that

2%

o =P

' ' =
Bo1abie11 xge11t2.11%2.11 = Pin

’ (5.5)

K ,* where L
= Lyl Zxye12

-::-;; b -

Xy

» eye11t P19 (5.6)

Leye21  Exye22

,'_;-..- Then T, and T, are invariant under the transformation

=
i r :

Boalenn

e Lea L1e22)

“

;EE (B),1109.11 0

o Lye21 Ly 22)

b1 Therefore, we may assume

3 - (5.7)

‘.
.
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with P

11 in (5-5), Plz Hl'llLl‘ll (}:111‘2.21 + ZIZLZ'ZZ)'

- ' ' - 1
Pa1 = Qpugpfyn * Lpagalap) LouggHpugp @md Pyp = (L5131 + L1ugpZsy) Lougy

?
+ (L).g10yp + Lylgaly)) Lo.ppe Let
Seal +-1 v
/n
I P v v
P 1 xX Xy
= + — . (5.8)
P’ 1 Y |V v
yx yy
Then T, is the a-th root of
Is_ ,.st s -rs | =0
xy*1ll yy*11"yx-11 xx+11
which is equivalent to
' 1 2, 1
PPl +—2Z -2 (I +-=V_ )| =0 (5.9)
11" 11 Jo 11 P a = 11
where
2y, = Rt == na v v hTersv o p P 01,5010
o ¥ bW /a7 ya X

Sgye11° Vxy.11® ©tc. denote the submatrices of Sgy and V,  partitioned as

in (5.6). Let Pl and Pz be the orthogonal matrices such that

rlpré = B: P Xq (5.11)

-

where the (a,a) elements of P are Py and other elements are zero. Let

' '

- I’l 0 rl 0 I'lsxxr'l rlsxyrz
Ss= S = .

0 T 0 T r.s r !

2 25yxT2 T2SyyT2




- 13
.
From (5.12) we obtain that T, is the a-th largest root of
R |pB' + -z - 21 + L r,v_TD| = o0. (5.13)
o /T fm I =
A\
.- where
E- /?{§+Lr1xxl)(1+ 1 2 2) ( -_l-rzvyxri) _;;n} (5.14)
/n /n Vo
Lf We note that the limiting distributions of Z11 and 2 are the same as those
‘\-. -~ -~
W - ' 1pe '
of Veye11P11 * P11Ve11 = PraVyye1rPin @04 TpV TiR' 4 Prov T}
) -
- Pl‘zvyyrél", respectively. Applying Lemma 2.3 to (5.9) and (5.14) we obtain
‘that the asymptotic distribution of /n (da - Gu) is the same as that of
A , _
N 8 © (rlvxyrz aa (vxy)aa
Y - 30, OV _TD -3, TV T3
;: 2 Pa T1Vex'1%00 = 2° 2'yy 2700
N l~ w ) +lp(v ) (5.15)
Y +* 2P Ueddae ¥ 2 yYaa® .
Therefore the asymptotic distribution of va {f(dl,...,dp ) - f(Gl,...,Gpl)}
i 1
- is the same as that of -
%
,.:-.—-.- e 1
2 L e 8, =5 tr av (5.16)
”) where
Ay A
ol A= ’
‘ A1 A2
2
O A11 = dhg(clpl'...’cplppl’o,...’0) - rl dias (clpl'O")cplppl’o"'"o)rl’
' -~
Azz - diag(clpl,...,cplppl,o,...,O) - rz diag(clpl,...,cplppl,o,...,O)I'Z,
= A' = T! '
891 = A2 TP 1= D
and the (a,a) elements of Dc: q*p are c, for a = 1,...,p1 and the other
N elements of Dc- are zero. This implies the following.
N .
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Theorem 5.1. Let r, and T, be the a-th largest canonical
correlations between Xy Py X 1 and Yy¢ ql’tl (p1 :_ql) and between

x: px1l and y: qx1, based on a sample of size N = n+1 from N(u,Z).

Let Py and Pa be the corresponding population quantities. Assume that

a function f(dl"°"dp ) satisfies the assumption Al and the canonical
1
correlations Po and Py (6 = 1,...,p1) are simple. Then

D 2
va {f(dl,...,dpl) - f(sl,...,apl)} — N(0,0°)

as n + @, where da =T, -T., Ga =0, =Py

- -

2 A11 A12 Ip P ? :

1
g = 2 tr
1
A21 A22 P I

Py
2 2,2 ~2,2
- Il e ta-eptra-oDh
71 “20 % 2 2
¥ uzezl % (1 - 0g) {pPalrygy + Y2u8a) = 218072480

and Ty = (y;,,g) and T, = (v, o).

Cor. 5.1.1. When L and P, are simple,

/ey - ) - (o - p )} =2 N(0,6%)

~2,2

2 - -, 2 2
as 0 > =, where 0 = (1 - p )" + (1 -0 )00 p (¥].00 + Y3.0,) = 21 ]

cago -aaYZ-aa

Note: Wijsman (1984) proved the Corr. 5.1.1 in the case of a = 1 and

t

q, = 0 or Py = 0.

== T -F8




6. FURTHER RESULTS .

Let da and Ga be the increases in the o-th largest sample and
population eigenvalues in the three cases: (i) principal component analysis,
(11) discriminant analysis, and (i{ii) canonical correlation analysis. Then

in Theorems 3.1, 4.1, and 5.1, we have shown that

J=Vn {f(dl,...,dp ) - f(cl,...,op )} 2 N(O,oz). (6.1)

1 1

The limiting variance 02 depends on unknown £ for cases (i) and (1i1)

and unknown I and © for case (ii). In order to make the formula useful,
we need to estimate ;2 obtained from 02 by replacing I by S for (1)
and (i11), and by replacing I and 6 by (1/n)W and (1/n)B, respectively,
for (ii). It is easy to see that under the same assumption as in each of
the Theorems

o+ § in probability.

Therefore, it follows from (6.1) that

11 2 weo,n, (6.2)

the formula is useful in constructing an approximate confidence interval for

f(Gl,...,Gpl).

It is easy to extend the result for a single function J to the one
for several functions. Let
Ja = /? {fa(dl’. oo,dpl) - fa(§1,.co,6p1)}

for a =1,2,...,k. We assume that fa's satisfy the assumption Al. Let

(d)
d = 8§,

- ~

9
- ' R ——
c (c1 se s sC ) 5d fa

~0 ’Q Py
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Then we can prove that

I = paeensdy) R N, (0,0). (6.3)

The limiting covariance matrix Q= (an) is given as follows:

Case (1i):

where Aa is defined

Case (i1i)

an

where A(l) and A(Z)
a o
substituting c¢ into

Case (iii)
Up

where Aa is defined

Higher order terms of

by using perturbation

an = 2 tr(AaAABA),

from A 1in (3.10) by substituting ¢ into c_.

1), (1)
Ag

= 2 trA (Z)A(z)
a

+ 4 trAa 8 0,

are defined from the A(l) and A(Z) in (4.9) by

C o
s 3
I P I P
P P
=7 t:I‘A‘x AB .
P' I P' 1|
q q

from A 1in (5.14) by substituting ¢ into Cot

-~

the joint distribution of Jl,...,Jk can be obtained

technique.
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